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Abstract 

WC present a model of limit cycle oscillators for collective oscillations in intracellular calcium concentration in 
ccl1 communities. A phase-dependent discrete coupling between nearest neighbors is introduced into the model on 
the basis of the experimental observation that intercellular transmission of calcium or calcium mobilizing messenger 
is effected by gap junction and gap junctional permeability is affected by intracellular calcium concentration. The 
spatial phase pattern of several clusters in which oscillations are in phase is found with the phase-dependent discrete 
coupling. 
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1. Introduction 

Coupled chemical oscillator systems have been 
thought to be useful as models for living cell 
communities, in which each cell exhibits oscilla- 
tory behaviors. Dynamical features of two or three 
chemical oscillators coupled together have been 
extensively studied experimentally [l-6]. Much 
more theoretical and computational studies have 
been performed on the systems of not only two or 
three coupled oscillators but also large popula- 
tions of coupled oscillators [7- 151. There are some 
biological systems where the coupling of oscilla- 
tors and the resulting collective oscillation play 
important roles. For example, the heart contrac- 
tion occurs due to the electrical coupling of oscil- 
latory myocardial cells and the resulting syn- 
chronous oscillation. Striking in this regard is a 

study by Jagadeesh et al. using the cells of the cat 
visual cortex [ 161. Visually evoked collective oscil- 
lations of membrane potential have been sug- 
gested to contribute to the information integra- 
tion. 

Oscillations in concentration of intracellular 
calcium ion have been experimentally observed in 
some cell communities and a number of models 
proposed [ 17- 191. Synchronous and asynchronous 
collective oscillations of calcium ion. clusters with 
phase difference in which the concentration of 
calcium ion in each cell oscillate synchronously, 
and calcium traveling wave have been observed in 
the cell populations [20,211. There has been a 
hypothesis that spatially organized calcium tran- 
sients play important roles in cell-to-cell commu- 
nication and synchronous responses [20]. The in- 
tercellular coupling of calcium oscillations has 
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been thought to be caused by transmission of 
calcium or calcium mobilizing messenger, inositol 
1,4,5triphosphate, through gap junction [22,23]. 
Gap junction is comprised of cell-to-cell channel 
protein termed connexin. Gap junctional perme- 
ability is known to be affected by intracellular 
concentrations of CAMP, proton and so on [24]. 
In some cases, an increase in intracellular cal- 
cium concentration is known to depress intercel- 
lular communication by gap junction [24], al- 
though it is unclear whether physiological in- 
crease in intracellular calcium concentration 
evokes the closure of gap junction [23]. In rat 
hepatocytes, gap junctional protein (connexin 32) 
is reported to be phosphorylated by calcium-de- 
pendent protein kinases, resulting in the closure 
of gap junction [25]. 

In this study, we examine the behaviour of 
limit cycle oscillators in one spatial dimension. 
Phase-dependent discrete coupling is introduced 
on the basis of the hypothesis that the open-close 
cycle of gap junction is coupled with intracellular 
calcium oscillation. It is suggested that the dis- 
crete coupling is important for the explanation of 
the spatio-temporal patterns of calcium ion ob- 
served experimentally, in particular, clustering. 
Many studies on mathematical models for cou- 
pled oscillator systems have been performed. 
However, as far as we know, the influence of 
discrete coupling on the dynamical behavior has 
not been examined in the coupled oscillator sys- 
tems. On the other hand, the effect of discrete 
gap junction coupling has been extensively stud- 
ied for the explanation of action potential propa- 
gation failure in excitable myocardial cells [26,27]. 

2. Model 

The present model is based on the circule map 
using the phase transition curve, which was intro- 
duced by Glass et al. in the study of single oscilla- 
tor forced periodically [28]. In the present study, 
this circle maps are discretely coupled in one 
dimension. Our model consists of 100’limit cycle 
oscillators coupled to their nearest neighbors in 
one spatial dimension and time is discretized. 
One point on the limit cycle trajectory is repre- 

sented by phase 4(0 < 4 < 1). When the nth os- 
cillator is coupled between the nearest neigh- 
bors, it is perturbed by a mass transfer propor- 
tional to the concentration difference between 
the nearest neighbors. The relaxation to a native 
limit cycle after a stimulus results in the change 
of the oscillator phase. New phase is given by 
4 + g(4), in which b, is the phase just before the 
stimulus occurs and g(4) is the phase transition 
curve. According to Glass et al. [28], we assume 
that the oscillator state rapidly returns to the 
limit cycle following the stimulus. Thus, the time 
evolution of the phase of the nth oscillator is as 
follows; 

+(n? t+ I) =4(n, t) +s(4(n, t)) +a(n), 
(1) 

where a(n) is the native frequency of the nth 
oscillator. The phase transition curve used in this 
model is 

g(+(n, t)) = -b(n, t) sin[2r+(n, t)]. (2) 

b(n, t) is the stimulus strength. The stimulus 
strength is usually a constant [28,29]. In the pre- 
sent model, the stimulus at the time t corre- 
sponds to the change in the nth oscillator’s con- 
centration due to a diffusion-type spatial coupling 
between the nearest neighbors. The present cou- 
pling fashion is served as a model for intercellular 
mass exchange through gap junctions. A bore of 
the gap junction is known to be hydrophilic 
enough and wide enough to pass small cytoplas- 
mic molecules (e.g., inorganic ions, metabolites, 
messengers) 1241. Thus, the intercellular exchange 
of the cytoplasmic molecules through the gap 
junctions has been thought to be due to their 
diffusions. So, in our model, b(n, t) is assumed to 
be as follows; 

b(n, t) =M{$[C(n + 1, t) +C(n - 1, t)] 

-C(n, t)}, (3) 

where M is the coupling constant and C(n, t) is 
the mass concentration. C(n, t) is assumed to be 
given by exp[ - 101$(n, t)]. By iterating Eq. (l), we 
obtain the time evolution of the phases of 100 
oscillators. 
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The purpose of this study is to examine how 
the time evolution of the oscillator phases is 
affected by a phase-dependent discrete coupling. 
The discrete coupling in the present study is 
served as a model of the intercellular communi- 

(a) 
1.0 

1 

cation by the gap junctions in hepatocytes. It has 
been known that some agonists induce oscilla- 
tions in intracellular calcium concentration of 
hepatocytes [30]. In addition, there has been evi- 
dence that calcium can transmit through the gap 
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Fig. 1. Spatial phase patterns in the case of the phase-dependent discrete coupling after the 100000 iterations of transients with a 
random set of initial phases of the 100 oscillators. (a) Cluster pattern, M = 0.1. q%’ = 0.51; (b) cluster pattern, M = 0.1, $ = 0.54: (c) 
coexistence of cluster pattern and ordered oscillatory pattern. A4 = 0.2, 4 = 0.74; (d) ordered oscillatory pattern. M = 0.1, 
4’ = 0.70; (e) coexistence of ordered oscillatory pattern and unlocked pattern. M = 0.15, $’ = 0.80; ff) unlocked pattern, M = 0.2. 
6’ = 0.86. 
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junctions in a chain of hepatocytes [22]. On the 
other hand, it has been reported that elevation of 
intracellular calcium concentration results in the 
closure of the gap junctions in hepatocytes [25]. It 
is borne in mind with those experimental results 
that the gap junction is close with high calcium 
concentration and open with low calcium concen- 
tration in the cycles of the intracellular calcium 
oscillations. Thus, the following rules are intro- 
duced into our model. If &(n, t) 2 $’ (a threshold 
value), that is, if C(n, t> G exp( - lo+‘), then the 
nth oscillator is coupled between its nearest 
neighbors. Otherwise, the coupling is impossible 
(b(n, t) = 01, except for the case of 4(n - 1, 
t>&# or f$(n + 1, t)>#. 

There have been only a few studies of similar 
coupled oscillators using phase-resetting formula- 
tions [29,31]. The stimulus strengths in those 
models are constant and there have been no 
models with the stimulus strength defined as the 
change in concentration due to mass diffusion, as 
far as we know. Bruin et al. [31] have studied 
synchronization in chains of cardiac pacemaker 
cells. In their model, interactions between near- 
est neighbors are defined by a latency-phase curve 
which can be easily converted to a phase resetting 
curve. A cell in the chain fires an action potential 
at the phase 4 = 0 (is equal to $ = 1). Only the 
cells at 4 = 0 can influence the cycle lengths of 
their neighbor cells according to the latency-phase 
curve. That is, the interaction between the neigh- 
bor cells is regarded as a special case of the 
phase-dependent discrete coupling and similar to 
that in the present model. Ermentrout and Edel- 
stein-Keshet [29] have studied two-dimensional 
coupled oscillators by use of the same formula- 
tions as shown in (1) and (21, except that the 
phase is also discretized. The effect of the 
phase-dependent discrete coupling has not been 
examined. 

3. Results and discussion 

Computations were carried out for an initial 
condition of a set of randomly chosen phases and 
without natural frequency distribution (a(n) = 0.1, 
1 =G n < 100). We calculated the phases of one-di- 

mensional oscillators with four small values of the 
coupling constant04 = 0.05, 0.10, 0.15, 0.201. Cal- 
culated phase patterns were classified as follows. 
(1) Plateau pattern: In-phase locking occurs over 
all the space. This pattern is found in the regime 
of the threshold phase 4’ G 0.50 for four values of 
the coupling constant. (2) Cluster pattern (Fig. 
la): several clusters including in-phase locked 
oscillators are found. Coexistence of in-phase 
locked and zigzag regions is also found as shown 
in Fig. lb. (3) Ordered oscillatory pattern (Fig. 
Id): the frequency of spatial oscillation is almost 
constant. The phase peaks propagate along the 
oscillator chain with time. This may capture the 
phenomena of calcium traveling wave in vivo. (4) 
Unlocked pattern (Fig. If): the phases of the 
oscillators are unlocked and the spatial pattern of 
random phases continues with time. In addition 
to the above four patterns, coexistence of the 
cluster pattern and the ordered oscillatory pat- 
tern, or of the ordered oscillatory pattern and the 
unlocked pattern is found as shown in Fig. lc and 
Fig. le, respectively. Phase diagram for the +‘-M 
parameter space is shown in Fig. 2. While the 
regime (0.51 =G 4 G 0.58) of the cluster pattern is 
almost invariant for four values of the coupling 
constant M, the regime of coexistence of the 
cluster pattern and the ordered oscillatory pat- 
tern (Fig. lc) increases by increasing M. 

For the sake of comparison, phase patterns for 
the continuous coupling ($ = 0) were also exam- 
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Fig. 2. Phase diagram for the threshold phase value 4’ - the 
coupling constant M parameter space. Symbols denote the 
phase patterns as follows: (0) cluster pattern; (0) coexistence 
of cluster pattern and ordered oscillatory pattern; (0) or- 
dered oscillatory pattern; t 8 ) coexistence of ordered oscilla- 
tory pattern and unlocked pattern; (X ) unlocked pattern. 
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ined. As the coupling constant M is decreased, 
the phase pattern changes gradually to be from 
plateau pattern to unlocked pattern. However, no 
cluster and ordered oscillatory patterns as shown 
in Fig. la-le are found with the continuous cou- 
pling. 

Recently, clustering behavior has been found 
in a few theoretical studies with globally coupled 
chaotic oscillator models and discussed from the 
viewpoint of biological information processing and 
engineering applications [15]. However, as far as 
we know, only a few oscillator systems with near- 
est coupling exhibit the formation of clusters in 
which oscillations are in phase. Bruin et al. [31] 
have studied an oscillator model with coupling 
using a phase-resetting formulation and reported 
partial in-phase synchronization in one dimen- 
sion. However, the phase patterns with three or 
more in-phase clusters found in the present study 
have not been reported. Kopell and Ermentrout 
[32] have found clusters in which oscillations are 
out of phase (not in-phase) in one-dimensional 
oscillators with nearest weakly coupling. 

In the nervous system, intercellular calcium 
signaling has been thought to be effected by gap 
junctions but not by synaptic coupling, although 
the regulation of their permeability has not been 
clarified. Recently, in reconstituted neural net- 
work systems by use of cultured neurous, in-phase 
synchronization of intracellular calcium oscilla- 
tions has been experimentally observed with 
multi-site optical recording technique [21]. In ad- 
dition, coexistence of two clusters with phase 
difference has also been observed, although phys- 
iological implication of such clustering has not 
been clarified [21]. The clustering found in our 
gap-junctionally coupled oscillator model may be 
useful for the explanation of such experimental 
results. 
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